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Abstract

In mathematics, A Generalized Hypergeometric series is a power series in which the ratio of
successive coefficient indexed by nis a rational function of n. If the seriesis convergent then it is
defines a Generalized Hypergeometric Function. Generalized hypergeometric function includes

the Gaussian hypergeometric function and confluent hypergeometric function.
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1. Introduction:-

The term Hypergeometric was first used by Profesimhn Wallis, in his work
Arithmatica Infinitorum (1655) to denote any serigghich was beyond the ordinary
geometric series. In mathematics, a generalizeérggometric series is a power series in which
the ratio of successive coefficients indexed bysmairational function of n. If the series is

convergent then it is defines a generalized hymengtric function. Generalized hypergeometric

www.shreeprakashan.com Vol-11l, Issue-XI, Nov-2014. Page 102




International Multidisciplinary e —Journal/ Author: Ashok Kumar Yadav. (102-107)

function includes the Gaussian hypergeometric fancand confluent hypergeometric function
as special case. The generalized hypergeometratidunis linked to the Meijer G-Function and
MacRobert E-Function. The binomial, exponentialgrithm, trignometric and hyperbolic

functions are special case of the generalized lggaenetric function.

2. Generalized Hypergeometric Function:-

The theory of generalized hypergeometric functisnfundamental in the field of
mathematics and mathemtical physics. Most of tmetfans that occur in analysis are special
cases of the hypergeometric functions. Professdm J@/allis, in his work, Arithmatica
Infinitorum (1655), first used the term hypergeomneeto denote any series which was beyond

the ordinary geometric series. In fact he studmedseries.

l+at+a(a+tl)+a(@+l)(@a+2)+.........

During the next one hundred and fifty years, mattyer mathematicians studied the

similar series, notably Euler, Vandermonde, Hindggletc.

In 1812, C.F. Gauss defined his famous infinite 85 as follows:

i(a)n(b)n 2" _,,ebz Aatd fbr] 2
(©n n " ¢ c(c+l) 2!

n=0

Where (a), = a(a+l) .......... (a+n-1), @F 1 is called the Gauss series or the ordinary

hypergeometric series. It is denoted by the symy#ej(a, b, ¢, z) and named as Gauss
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hypergeometric function. The series in (2.2) is vaygent when |z| < 1 / G also for
z = 1 provided that Re (c—a—b) > 0 and for z —Ref(c —a — b) > -1.

If in (2.2), we replace z by z/b and let b» o, then

I
bn

And we arrive at the well-known Kummer’s series givbelow:

00 n
(a)n z :1+ a + a'(a+1) 22+

= (c)y n! lc 1l2c(c+d

The series in (2.3) is absolutely convergent fovalues of a, ¢ and z (real or complex),

excludingc =0, =1, =2, ..cccvvvvvvnnnnnnns and is denoted by the symbdt(a; c; z) and named as

confluent hypergeometric function.

The Gauss hypergeometric functighy and its confluent formFq form the case of

special functions and have inspired the investigatif a number of other special functions. The
work of Barnes, Bailey, Slater, Luke, Erdelyi andamy others bear a testimony to the

tremendous importance of these functions.

A natural generalization of the F, is the generalized hypergeometric function, named as o

which is defined as follows:

crennenens(2.4)
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The series on the right (2.4) is convergent offedlvalues of z (real or complex) whengpAlso

when p = g+1, the series is convergentif |z | < 1

It also converges when z = 1, if

And when z = -1, if

= =
Re|l ™ (B — ™ (o) | =—1

1i=1 1=1

The binomial, exponential, logarithm, trignometricand hyperbolic  functions
are special cases of the generalized hypergeomdtmction. Similarly, orthogonal
polynomials such as Legendre functions, Besseltimmg, Whittaker function etc. are also its

special cases.

T.M. Mac Robert [23] introduced E-function which sva studied by many
mathematicians in the west particularly. After timighe same time when p>q+1, C.S. Meijer in
1936, introduced G-function which revolutionise@ torld of matheamtics on account of its
general nature and wide scope of study. Since thesge functions have attracted attention of a
large number of researchers notably Luke (Y.L.JdBn (A.), Al-Salam (W.A.), Bhonsle (B.R.),
Mathai (A.M.), Saxena (R.K.), Regab (F.M.), Agarw&.P.), Saxena (K.M.), Rathie (C.B.),
Buschman (R.G.), Srivastava (H.M.), Sharma (K.Bajpai (S.D.) and several others.

In 1961, Charles Fox[14] introduced a more general function which lsasce then
became well known in the literature as the H-fumtind covers a large number of functions as
its particular cases. This function has been modéfned and represented by means of the

following Mellin-Barnes type of contour integralg]L
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Aq e, Ry Bl e B, are real positive numbersya....... » @ B e , are

complex numbers so that the poles of the Gammatitinsin the integrand is (5) do not
coincide. L is a suitable contour in the s-plangasating the poles of Gamma products with +s

and —s in the numerator.

For details on asymptotic expansion and analytontiouation of Fox (1961)

H-function, the reader may refer to Braaksma [6].

The importance of the study of the H-function liesn the fact that it includes E, F and

G-functions, and all the functions mentioned abovas its particular cases.
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